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Abstract
An allowed E1-M1 excitation scheme creates optical access to the 1S0 → 3P0 clock transition
in group II type atoms. This method does not require the hyperfine mixing or application of an
external magnetic field of other optical clock systems. The advantages of this technique include a
Doppler-free excitation scheme and increased portability with the use of vapor cells. We will discuss
technical mechanisms of a monochromatic excitation scheme for a hot E1-M1 clock and briefly
discuss a bichromatic scheme to eliminate light shifts. We determine the optimal experimental
parameters for Hg, Yb, Ra, Sr, Ba, Ca, Mg, and Be and calculate that neutral Hg has ideal
properties for a hot, portable frequency standard.
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The rapid advancement in optical frequency standards has seen three different systems
hold the mantle of best stability, S, in the past year [1–3]. Increases in accuracy of optical
clocks advance popular technologies such as global positioning systems (GPS), permit testing
of fundamental physics constants, and have the potential to make local measurements of the
gravitational redshift [4]. A map of the Earth’s geodesy measured with the precision of an
optical frequency standard will require a mobile atomic clock. Such an optical frequency
standard can be achieved in a portable vapor cell by addressing the atoms with a two-photon,
Doppler-free spectroscopy scheme.
An E1-M1 optical clock is a frequency standard based on a two-photon excitation from
the ground state to the clock state by a pair of electric (E1) and magnetic (M1) dipole
allowed transitions. We characterize the atom-light interactions and determine the optimal
experimental parameters for a selection of group II type atoms. We present the ideal tem-
perature and laser beam radius to maximize the E1-M1 excitation rate and to optimize the
E1-M1 optical clock stability. We find that neutral Hg is the ideal atomic system for an
E1-M1 optical clock and discuss in detail Hg specific parameters.
The benchmark by which frequency standards are compared is the stability S, which is
the rate at which minimum instability σν can be attained where σν(τ) = S/
√
τ and τ is the
total measurement time. The stability has units of
[√
Hz−1
]
and is fundamentally limited
by
S = ∆ν
ν
√ T
ND
(1)
where ν is the fundamental frequency of the standard, ∆ν is the effective linewidth of the
transition, T is the period of each detection cycle, and ND is the effective number of atoms
that are detected each experiment period.
A specific advantage of the hot E1-M1 optical clock compared with the other optical
frequency standards is a large increase in ND and only a small increase in linewidth ∆ν
due to the thermal environment. The current generation of precision atomic clocks require
extensive state preparation to remove first-order Doppler effects as the largest broadening
mechanism, a process that limits the number of atoms that can be addressed. The estimated
stability of a hot (380K) Hg E1-M1 clock with the experimental constraints listed in section
IIA is 1.6 × 10−15
[√
Hz−1
]
. The simplicity of the E1-M1 system will increase portability
for metrology applications compared with current cold atomic clocks.
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FIG. 1. Two-Photon Clock Level Structure This is the prototypical, optical clock level struc-
ture with a 3P0 clock state. The electric field of one photon and the magnetic field of a second,
degenerate photon directly couple the 1S0 ground state to the clock state by coupling to the in-
termediate 3P1 level with some detuning ∆. A sample detection channel for a hot clock is the
3P0
E1←→ 3S1, E1 allowed transition.
I. 1S0 → 3P0 E1-M1 TRANSITION
State-of-the-art optical clocks utilize the 1S0 → 3P0 clock transition. This is because re-
laxation of the 3P0 clock level to the
1S0 ground level is forbidden for all single-photon electric
or magnetic radiation types. Forbidden relaxation channels create the narrow-linewidths
required for precise time-keeping in atomic systems. However, all current clock systems
operate by mixing the clock level with a nearby level (3P1) that does have weakly-allowed
E1-coupling to the ground state. Mixing of 3P0 and
3P1 can be done by selecting isotopes
with hyperfine structure [1] or by applying a magnetic field [5]. While mixing the levels
is necessary to make them electric dipole coupled, it also reduces the lifetime. This can
potentially limit the ultimate precision of the clock.
Figure 1 shows an alternative excitation scheme with the allowed E1-M1 two-photon
transition along 1S0
E1←→ 3P1 M1←→ 3P0 [6]. This coupling has been observed previously in
highly charged ions [7, 8]. As an allowed transition it provides optical access to all isotopes of
group II type atoms. This excitation can be implemented using counter-propagating photons
with either degenerate frequencies to eliminate first-order Doppler broadening (Sections
II,III) or with non-degenerate frequencies chosen to offset light shifts (Section IV).
Figure 2 shows a typical experimental setup for a hot optical clock. The viability of a
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FIG. 2. Hot Optical Clock This diagram of a monochromatic laser in a vapor cell depicts the
experimental system. The detection length Lo is the detection optics aperture and the laser beam
radius is ω0. The Rayleigh range, zR, that limits the interrogation region is shown in this graphic.
The area enclosed by a box is the Rayleigh-limited interrogation region of the atoms.
hot vapor cell clock will depend on the effective rate of detected atoms:
N˙D = PD × N˙3P0 (2)
where PD is the probability of detecting an atom in the
3P0 clock-level, and N˙3P0 is the
effective rate of atoms excited to the clock level. The two primary experimental parameters
which require optimization are vapor cell temperature T and laser beam radius ω0. The
effective rate of atoms excited to the 3P0-level is given by:
N˙3P0 = P3P0(T, ω0)× N˙tot(T, ω0) (3)
where P3P0 is the probability a single atom in the excitation region has been excited to the
3P0 level and N˙tot is the rate of atoms flowing through the interrogation region. In a thermal
environment the interrogation time of an atom by the excitation laser is always much less
than the time required to coherently transfer the full population to the excited state; there
is no risk of Rabi flopping. An increase in laser power is therefore always beneficial because
it increases the two-photon Rabi frequency and by extension the probability of excitation
the the 3P0-level in a time-limited measurement. The temperature and laser beam radius
contribution to overall rates and stability will be explained in Section IIB.
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A. Two-Photon Rabi Frequency
For the purposes of this paper, we will consider a system where the atom is excited
with a single laser (monochromatic) or pair of lasers (bichromatic) whose frequencies are far
off resonance from the allowed E1 or M1 transitions. To satisfy the selection rules of the
transition, the electric field vector of one excitation photon must be parallel to the magnetic
field vector of the other excitation photon. This alignment can be realized utilizing either
the Lin ⊥ Lin or σ+/σ− polarization scheme described by Dalibard and Cohen-Tannoudji
[9]. These schemes satisfy the selection rules and ensure that any clock excitation is the
product of excitation from counter-propagating beams and thus reduces or eliminates first-
order Doppler-broadening.
Our proposed system satisfies the constraints of adiabatic elimination [10, 11], specifically
∆ >> Ω1,Ω2, δ where Ωi is the two-level Rabi frequency of each E1 and M1 transition, δ is
the two-photon detuning from the unperturbed transition frequency, and ∆ is the minimum
detuning of an excitation photon’s energy from the intermediate 3P1 level, see Fig. 1. In
this limit, the two-photon Rabi frequency for an atom addressed by a pair of photons, where
δ is chosen to offset the light shift, is given by [12] :
ΩR2γ =
2I
~2c2ǫ0
〈3P0||µ||3P1〉M1〈3P1||D||1S0〉E1
∆
(4)
where I is the peak intensity of the excitation laser, 〈3P0||µ||3P1〉M1 is the reduced ma-
trix element for the magnetic dipole (M1) transition, 〈3P1||D||1S0〉E1 is the reduced matrix
element for the electric dipole (E1) transition.
The E1-M1 coupling will also occur via the 1P1 intermediate level. In the case of Hg it
will constitute as much as 37% of the Rabi frequency, where its contribution is maximum
for the degenerate excitation scheme. We omit this favorable contribution from the rate
and stability simulations for simplicity, but experiments can anticipate an enhancement.
Estimated and observed electric- and magnetic-dipole matrix elements are shown for the
group II type atoms in Table I. We also provide the estimated two-photon Rabi frequency
for the degenerate photon case with the experimental parameters defined in Table II.
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TABLE I. Reduced matrix elements for the electric-dipole 〈nsnp3P 1||D||ns2 1S0〉 intercombination
transition (E1) and the magnetic-dipole 〈nsnp3P 0||µ||nsnp3P1〉 transition (M1) for each candidate
element. Matrix element values are in a.u. For monochromatic excitation, the two-photon Rabi
frequency, ΩR2γ , is shown for unit intensity (1 W/m
2). A prototypical intensity for this scheme is
6× 106[W/m2].
Atom n E1/ea
0
M1/µ
B
ΩR2γ/I[Hz]
Ra 7 1.2 [13]
√
2 [14] 7.1× 10−5
Ba 6 0.45 [15]
√
2 [14] 3× 10−5
Yb 6 0.54 [16]
√
2 [16] 2.5 × 10−5
Hg 6 0.44 [17]
√
2 [14] 9.3 × 10−6
Sr 5 0.15 [18]
√
2 [14] 8.8 × 10−6
Ca 4 0.036 [18]
√
2 [14] 2× 10−6
Mg 3 0.0057 [18]
√
2 [17] 2.2 × 10−7
Be 2 0.00024 [17]
√
2 [14] 9.3 × 10−9
B. Probability of Clock Excitation
The effective excitation rate (N˙3P0) for an atomic vapor with static experimental settings
depends on the probability of exciting an atom to the clock level (P3P0) and the atomic
interrogation rate (N˙tot).
With adiabatic elimination of the intermediate level, the probability of exciting the atom
into the 3P0 clock level follows [10, 11]:
P3P0 =
Ω2R2γ
Ω2R2γ + δ
2
sin2


√
Ω2R2γ + δ
2
2
t¯

 (5)
where t¯ is the average interrogation time of the atoms and δ is the detuning from the light-
shifted resonant frequency.
For simplicity, excitation probability is calculated by assuming that the dominant broad-
ening mechanism introduces an effective, constant detuning δ. The ultimate excitation rate
N˙3P0 for this approximation typically varies from a more exact calculation by less than a
factor of ten. The effective broadening of a hot E1-M1 clock is much larger than the two-
photon Rabi frequency due to large first-order Doppler broadening: ∆νD1 >> ΩR2γ so the
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excitation probability, P3P0 , has two characteristic regimes. There is a time-limited regime,
where transit-time (time-of-flight) broadening, ∆ν
TT
= 1/¯t, is the dominant scaling feature
of the excitation probability. The time-limited probability of excitation scales quadratically
in time as
P3P0 ≈
(
ΩR2γ t¯B
2
)2
. (6)
In a velocity-limited regime where ∆νD1 >> ∆νTT the effective detuning δ is approxi-
mately the first-order Doppler broadening ∆νD1. Here the probability of clock excitation
resembles a saturated system and can be simplified as:
P3P0(T, ω0) ≈
Ω2R2γ
∆ν2D1
. (7)
II. MONOCHROMATIC E1-M1 CLOCK
EXPERIMENTAL PARAMETERS
A. Static Parameters
Most experimental parameters can be optimized independently. Table II lists the static
magnitudes we will assume for these independent experimental parameters. The magnitudes
were conservatively selected to match existing or easily attainable levels. Importantly, these
experimental magnitudes can be constructed in a portable package which will permit mobile,
optical frequency measurements.
We estimate that narrow-linewidth power can be achieved at approximately the 10 W
level. We have generated 8 W of portable, narrow-linewidth light for a monochromatic Hg
experiment in a preliminary device and estimate that more power is possible while preserving
this portability [19]. The power levels discussed here will contribute a sizable light shift to
the system that can be effectively quantified. Section IIIA 3 discusses the light shift in
detail.
All group II type atoms, with the exception of Hg, improve in overall excitation rate and
stability with increased temperature because atom-atom interactions are minimal. It was
therefore necessary to impose in our calculations a temperature ceiling of 800 K as a damage
threshold for the physical optics and detectors in an experimental apparatus.
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The size of the photon detector and imaging optics will limit the volume of atoms which
can be observed. Since detectors exist with 2-cm diameter, we anticipate that with a 1:1
imaging system a detection length, Lo, of 2-cm can be implemented. The detection length
is shown in Figure 2 in relation to other experimental geometry parameters.
The misalignment of the counterpropagating laser beams by angle θ is anticipated. We
impose a 0.1 milliradian limit in our simulation which has been previously realized in atom
interferometry experiments [20]. Increased precision of alignment will improve both the rates
and the stability. We do not include a threshold for polarization rotation errors although
such experimental features will degrade the rates and stability of the experiment.
An optical frequency standard will limit itself to a single atomic isotope. The natural
abundance of the excluded isotopes will attenuate the excitation rates we calculate. Since
isotope abundance is idiosyncratic to each atomic species, our calculations do not include
the reduction to the number density that will be present in an experiment.
B. Dynamic Parameters
Adjustments in vapor cell temperature and laser beam radius can increase the number
of atoms in the clock state or the precision of the standard for each atom species. Using
thermal atoms instead of ultracold atoms increases the density and interrogation rate, a
statistical advantage for this optical frequency standard. A disadvantage for thermal atoms
TABLE II. Experimental parameters used for the simulation of a hot, vapor cell E1-M1 optical
clock.
Parameter Value
Power (C.W.) 10 W
Laser Linewidth 1 kHz
Retroreflection Misalignment θ 0.1 milliradian
Photon Collection Efficiency Ppc 1 %
Optical Damage Threshold 800 K
Temperature Instability σT¯ 0.1 K
Optical Detection Length Lo 2 cm
Experiment Period T 1 s
8
is atomic-mass-dependent thermal speed which both limits interrogation to the transit time
t¯ of the atom and introduces sensitivity to Doppler effects (∆νD1 and ∆νD2). Unencumbered
motion also leads to non-zero atom-atom collision probability.
Excitation probability scales with the interrogation time of the atoms and is sensitive
to laser beam radius and vapor cell temperature. We define the interrogation time t¯ as
the average time atoms spend passing through a volume of the laser beam enclosed by the
Gaussian radius of the laser beam ω0 and an experimentally limited length of the laser beam
path shown in Figure 2. From calculations we find that the beam diameter is a reasonable
approximation of the average distance l¯ an atom travels through the interrogation region.
Using the mean thermal velocity of an atom in the vapor cell v¯ we can find the average
interrogation time for the atoms which scales with temperature and laser beam radius as
t¯ =
l¯
v¯
= 2ω0 ×
√
πm
8kBT
(8)
where kB is Boltzmann’s constant and m is the mass of the atom. Mean interrogation time
scales with the square root of atomic mass, so heavier atoms enjoy longer interrogation
times. The mass of each candidate atom is shown in Table III
TABLE III. Mass and natural optical transition frequency ν0 for each candidate element. The
specific wavelength for the monochromatic excitation scheme, λ2γ , is also listed. Citations are
included when the clock transition has been experimentally observed.
Atom m [amu] ν0 [Hz] λ2γ [nm]
Hg [21] 200.6 1.1× 1015 531
Be 9.1 6.6× 1014 910
Mg 24.3 6.6× 1014 915
Yb [22] 173.1 5.2× 1014 1157
Ca 40.1 4.5× 1014 1319
Sr [23] 87.6 4.3× 1014 1397
Ra 226.0 3.9× 1014 1529
Ba 137.3 3.7× 1014 1631
For the degenerate excitation case, mirror misalignment introduces first-order Doppler
broadening, ∆νD1, to atoms with velocity components co-linear with the laser beams. This is
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the second-largest broadening after transit broadening, and we use the characteristic width
of this Doppler effect as a constant detuning δ in (5). We determine this harmful broadening
from
∆νD1(T, θ) = kv¯(T ) sin(θ) (9)
where k is the wavenumber. The specific detuning, ∆νD1, for each atom with respect to vapor
cell temperature and misalignment is listed in Table IV. Typical experimental parameters
(Table II) introduce a broadening of 10-100 kHz for the candidate atoms. This can be
compared to the estimated natural linewidth of 0.45 Hz for neutral Hg [24].
TABLE IV. 1st-order Doppler broadening introduced by mirror misalignment θ. The milliradian
misalignment threshold make the small angle approximation valid.
Atom ∆νD1(T [K],θ[rad]) [Hz]
Ra 6.3× 106√T × θ
Ba 7.6× 106√T × θ
Yb 9.6× 106√T × θ
Sr 1.1× 107√T × θ
Ca 1.7× 107√T × θ
Hg 1.9× 107√T × θ
Mg 3.2× 107√T × θ
Be 5.3× 107√T × θ
The atom interrogation rate, N˙tot, depends on the temperature and interrogation volume.
The interrogation volume is a region of high laser intensity limited either by the Rayleigh
range or the detection optics. Figure 2 depicts these lengths in a vapor cell. When the
volume is limited by detection optics, VLo , the volume of addressed atoms is the laser beam
area multiplied by the detection length, Lo
VLo = Lo × πω20 (10)
VLo(ω0) ∝ ω20. (11)
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In the Rayleigh range limit the volume, V2zR, is given by:
V2zR =
2πω20
λ
× πω20 (12)
V2zR(ω0) ∝ ω40. (13)
From these equations, we can see that a large laser beam radius maximizes the volume and
the system favors utilizing the full Rayleigh range as long as 2zR ≤ Lo.
The number density of atoms, ρ, in the vapor cell can be calculated from published vapor
pressure curves [25, 26] and is shown in Figure 3. The number density ρ of all group II type
atoms scales exponentially with temperature and can be expressed as
ρ(T [K]) ∝ e−10
4
T . (14)
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FIG. 3. Vapor Cell Density Number density of group II type atoms with respect to vapor cell
temperature. The high number density of Hg gives it a statistical advantage for optical stability.
The rate of atom interrogation, N˙tot, is the product of the excitation volume, V , the
number density at room temperature, ρ, and the rate at which atoms refresh in that vol-
ume. This refresh rate is the inverse of the average interrogation time t¯. We preserve in
curly brackets the different scaling behavior of detection- or Rayleigh-limited regimes. The
interrogation rate is as follows:
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N˙tot = V × ρ
t¯
=
{
VLo
V2zR
}
× ρ
t¯
(15)
N˙tot(T [K], ω0[m]) ∝
{
ω20
ω40
}
×
√
T
ω0
e
−10
4
T (16)
C. Probability of Clock Excitation
The time-limited probability of clock excitation (6) in a hot, vapor cell can be written
explicitly in terms of the vapor cell temperature and laser beam radius:
P3P0(T, ω0) ≈ ΩR2γ(ω0)2t¯(T, ω0)2 ∝
1
Tω20
. (17)
This approximation provides less than 1% disagreement with the P3P0 scaling behavior for
sub-millimeter laser beam radii in simulation.
The Doppler-limited probability of excitation (7) can also be written explicitly in terms
of the vapor cell temperature and laser beam radius:
P3P0(T, ω0) ≈
ΩR2γ(ω0)
2
∆νD1(T )2
∝ 1
Tω40
. (18)
In both regimes a high excitation probability P3P0 favors small laser beam radius and low
temperature. Small laser beam radius is an intuitive advantage here because atoms are not
interrogated long enough to undergo coherent Rabi flopping so a more intense laser will
enhances the two-photon Rabi frequency. Lower temperatures lead to longer interrogation
times, which increase the probability of exciting a single atom.
D. Clock Excitation Rate
The experimental parameters to maximize the excitation rate N˙3P0 are different than
those for optimum stability. However, maximum N˙3P0 will be experimentally convenient to
quantify and optimize broadening and rate parameters for the ultimate optical frequency
standard.
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FIG. 4. Optimal Laser Beam Size Plot of effective excitation rate, N˙3P0 , with respect to beam
waist size, Eqn. 3 for neutral Hg at 448 K. Displays the asymptotic behavior in Rayleigh-limited
and detection-limited regimes where the peak rates are found when the Rayleigh range zR is set
to match the detection length Lo. In Hg this happens at 41 µm.
The effective clock excitation rate N˙3P0 (3) based on the time-limited probability of
excitation P3P0 (17) and the interrogation rate N˙tot defined by (16) can now be reported in
terms of temperature and laser beam radius:
N˙3P0 = P3P0 × N˙tot (19)
N˙3P0(T, ω0) ∝
1
Tω20
×
{
ω0
ω30
}√
Te
−10
4
T (20)
∝ e
−10
4
T√
T
{
1
ω0
ω0
}
(21)
The curly brackets continue to denote the detection- and Rayleigh-limited regimes of the
experiment
{
Lo
2zR
}
. The optimal beam radius is the length where the Rayleigh range, 2zR,
matches the detection length, Lo. For small ω0 where 2zr << Lo, the overall rate increases
with beam radius until 2zR = Lo, at which point the volume is detection limited and
detection rates begin to decrease with ω0, as shown in Figure 4.
The calculated excitation rates for the group II type atoms, with optimal temperature
and laser beam radius, are reported in Table V for the prototypical experimental settings
listed in Table II.
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E. Experimental Detection of 3P0 Atoms
The detection of moving atoms in the 3P0 clock level will require a subsequent transition
from the clock level to an electric-dipole-coupled level. In neutral Hg, the 6s6p3P0 clock
level is E1-coupled to a 6s7s3S1 level by a 405 nm photon. The 6s7s
3S1 rapidly cascades to
the ground level, predominantly through the 6s6s 3P1 intermediate level [27]. This cascade
channel radiates at 436 nm, a wavelength distinct from all others in the system.
The probability of detecting clock level occupation further depends on the collection
efficiency of the experiment and the loss due to collision. Collisions are treated as a loss
channel with a rate proportional to the interrogation length, l¯ = 2ω0, and the mean free path
of the particles, (ρσ)−1, where ρ is the number density of the atoms [m−3] and σ is the Van
der Waals radius [m2]. The number density, ρ, exponentially increases with temperature
(14). The risk of collision increases with interrogation length and cell temperature. The
probability of no collision Pnc is given by
Pnc(T, ω0) = e
−ρ(T )σl¯(ω0) (22)
Pnc(T [K], ω0[m]) ∝ e−ω0e
−10
4
T (23)
and primarily depends on the number density of atoms (see Figure 3). Hg is the only atom
with a non-negligible probability of collision for the temperatures and interrogation lengths
of this calculation. This is due to its considerably higher density compared with the other
species, but the higher collision rate does not eliminate its viability as an optical clock.
See Section IIIA 7 for details. Detection probability also depends on the photon collection
efficiency of the imaging system. We assume a collection efficiency, Ppc, of 1%, as listed in
Table II. The final probability of detection, PD, is
PD = Ppc × Pnc. (24)
F. Optimal Parameters for Detection Rate N˙D
Table V reports the maximum calculated detection rates N˙D for the hot monochromatic
E1-M1 scheme. These results are presented for the group II type atoms Hg, Sr, Yb, Ca, Mg,
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Be, Ra, and Ba. Optimal temperatures T and laser-beam radii ω0 are listed for each atomic
species. The optimal temperature for Hg differs from the other elements due to collision
rate sensitivity.
TABLE V. The detection rate of clock atoms, N˙D, at the optimal vapor cell temperature T and
laser beam radius ω0 for each group II type atom. The optimal ω0 in all cases is the radius where
the Rayleigh range matches the detection length, Lo, of the detection optics which maximizes N˙D.
These are not the values for optimal clock stability.
Atom T [K] ω0[µm] N˙D [s
−1]
Hg 448 41.0 1.8× 10+12
Yb 800 60.0 6.4× 10+10
Ra 800 70.0 4.3× 10+10
Sr 800 67.5 8.4× 10+8
Ba 800 72.5 4.6× 10+8
Mg 800 55.0 6.3× 10+6
Ca 800 65.0 3.8× 10+6
Be 800 55.0 1.0× 10−7
III. E1-M1 OPTICAL CLOCK STABILITY
The optimal clock stability, S, can be expressed in terms of experimentally controlled
parameters. Stability scales with the inverse square root of the effective rate of detected
clock excitations, N˙D (2), and linearly with the linewidth, ∆ν
S = ∆ν
νL
√
1
N˙D
. (25)
The goal of an optical frequency standard is to minimize S. This section focuses on the
broadening mechanisms that constitute the linewidth of this system. An optical frequency
standard ultimately measures a resonant laser frequency νL. Resonance will be inevitably
offset from the natural transition frequency, ν0, by shifts due to environmental interaction
νL = ν0 + νB. (26)
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The natural transition frequency is equivalent among all like atoms. The biased resonance
is offset by νB due to environmental perturbation of the atoms. This section also discusses
the individual environmental shifts listed in Table VI. The total magnitude of νB can be
reduced or eliminated by reducing and offsetting these experimental shifts. The individual
broadening and shift mechanisms for the optimal Hg clock are discussed explicitly and
shown in Table VII.
TABLE VI. The mechanisms that contribute to broadening ∆ν and a bias frequency shift νB in
a hot E1-M1 clock are listed. The broadening due to the light shift depends on the instability in
laser intensity, σI¯ . Broadening due to black-body radiation will occur for temperature instability,
σT¯ , but will be a much smaller effect than light shift broadening.
Mechanism ∆ν νB
Natural ∆νnat 0
Transit ∆νTT 0
Laserline ∆νLL 0
Doppler (1st-order) ∆νD1 0
Doppler (2nd-order) ∆νD2 νD2
Light Shift ∆νLS(σI¯) νLS
Blackbody Radiation ∆νBB(σT¯ ) νBB
Collision ∆νC νC
A. Broadening and Shift Mechanisms
1. Transit Broadening
The dominant broadening mechanism in a hot vapor cell is the transit-time broadening,
∆ν
TT
= 1/t¯, which is introduced by the brief interaction time of the fast atoms through the
narrow laser beam. As such, the optimal beam radius ω0 to minimize S is large. Transit
broadening scales with the dynamic parameters ω0 and T as:
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∆ν
TT
(T, ω0) ∝
√
T
ω0
(27)
For a hot Hg clock with minimal S, transit broadening is the largest broadening mechanism.
We calculate a mean interrogation time of 5µs, which introduces a Fourier uncertainty of
∆νTT = 0.2 MHz.
2. Natural Width
The clock state has highly suppressed relaxation channels, leading to long lifetimes and
intrinsically narrow linewidths. Fermionic isotopes of Hg have estimated natural linewidths,
∆νnat, of 0.5-0.7 Hz and the Bosonic isotopes have indefinite lifetimes [24]. These narrow
widths are much smaller than the Fourier-limited width of the hot E1-M1 scheme imposed
by the transit broadening.
3. Light Shift and Broadening
The high levels of laser intensity required for non-zero transition probabilities P3P0 (5)
will introduce a.c. Stark shifts to the clock and ground state of the atoms. This will create
a systematic bias in the fundamental frequency of the clock that scales with the intensity
of the laser. Instability in laser intensity, σI¯ , will appear as a broadening to the system and
uncertainty in the absolute intensity will manifest as an unknown fundamental bias. The
dynamic dipole polarizability difference between the 1S0 and
3P0 levels of Hg at 531 nm is
21 a.u. [28]. The absolute shift scales with intensity as 2.25 kHz/ W
mm2
.
4. Doppler Broadening
First-order and second-order Doppler broadening both increase the linewidth of the fre-
quency standard. The temperature dependence of first-order Doppler broadening is de-
scribed by (9). For misalignment less than 0.1 milliradians, the first-order Doppler broad-
ening will contribute a maximum of 44 kHz of line broadening in Hg at 380 K.
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The temperature dependence of the second-order Doppler shift is described by:
νD2(T ) = −ν v¯(T )
2
2c2
(28)
and is linear in temperature. The width of the velocity distribution is similar to the mean
velocity in this range, so we assume ∆νD2 ≈ |νD2|. The hot Hg E1-M1 clock operates
optimally at 380K, which introduces second-order Doppler broadening of 90 Hz.
5. Laser-Line Broadening
The laser linewidth is the bottleneck through which all narrow linewidth information
passes to the oscillation counter in an optical frequency standard. Even if a broad linewidth
laser is resonant with and centered on a narrow transition, the ultimate frequency measure-
ment will not register frequency features narrower than the those of the laser. It is therefore
important for the laser linewidth to be narrower than the effective linewidth of the atom.
For Hg, a sub-kHz linewidth specification will make a negligible contribution to the overall
broadening due to the large size of transit broadening.
6. Black-body Radiation Shift and Broadening
The estimated black-body radiation shifts and uncertainties have been cataloged else-
where [29]. At 380K the shift is −1.63 Hz. Inaccuracy and instability, σT¯ , in operating
temperature can introduce an unknown systematic shift and broadening. This is typically
much smaller than other broadening and shift features due to the overall small size of the
radiation shift.
7. Collision Shift and Broadening
The specific collision phase shift introduced by colliding 1S0 and
3P0 Hg atoms is unknown
and will need to be measured experimentally. All the group II atoms, with the exception of
Hg, have less than 0.1% probability of experiencing a collision in the excitation region. At
the optimal operating temperature for the hot Hg clock, the collision frequency (C˙ = ρσv¯)
is 1.5 ×105 s−1. We capture the harm collisions will have on the stability in the worst-case
by treating collision as a signal loss channel.
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Collision broadening of the clock level transition has been observed in ultracold Sr [30].
If we extrapolate that result to Sr number densities in a vapor cell at 800 K, we can estimate
collision broadening of Sr to be ∆νC = 31 kHz which compares to the estimated first-order
Doppler broadening at this temperature of ∆νD1 = 32 kHz. This suggests that in general
collision broadening will be less harmful than the collision loss approximation we’ve made
in this paper.
TABLE VII. Broadening and shift budget for monochromatic, E1-M1 Hg clock at the temperature
(380K) and laser beam radius (0.6 mm) where the minimum S is found.
Mechanism Broadening [Hz] Shift [Hz]
Transit 2×105 0
Doppler 1st 4×104 0
Doppler 2nd 90 -90
BBR 10−16 -1.7
Stark 314 1.6×104
Natural 0.45 0
∆ν 2×105
νB 1.6×104
B. Optimal Clock Stability
Optimal stability for each group II type atom can be achieved through selection of laser
beam radius and vapor cell temperature. The ideal laser beam radius is defined by the
crossover point between time-limited ∆νTT (27) and velocity-limited ∆νD1 (9) broadening
regimes. This crossover occurs in a detection-limited volume, so we use the Lo scaling of the
effective clock excitation rate (21). We characterize the scaling behavior of these broadening
regimes with respect to laser beam radius ω0 and temperature T to determine the minimum
S (25):
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∆νD1
}
×
√
1
N˙3P0
(29)
S(T, ω0) ∝
{√
T/ω0√
T
}
×
√
ω0
√
T
e
−104
T
∝
√
T
√
T
e
−104
T
{
1
ω0
ω0
}
. (30)
Curly brackets no longer denote the geometry limits of (16), instead they are the time- and
velocity-limited behavior
{
∆νTT
∆νD1
}
. As with maximum excitation rates N˙3P0 , optimally small
S favors high temperature T (21). Unlike maximum N˙3P0 , optimal S favors a larger laser
beam radius ω0 than one that matches the Rayleigh range to the detection-limit. This is
due to S ’s sensitivity to transit-time broadening ∆νTT .
Figure 5 shows the ideal laser-beam radius ω0 for minimum S is closely related to the
crossover point between time-limited ∆νTT (27) and velocity-limited ∆νD1 (9) broadening
regimes. We show the behavior in Ra because its stability behavior with respect to laser
beam radius is representative of all the group II type atoms except Hg. The competing
advantage of increased excitation rate N˙3P0 at smaller ω0 in this detection-limited regime
pushes the final S radius slightly shorter than the crossover length.
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FIG. 5. Asymptotic Behavior of ∆ν in Ra Calculation results for laser-beam radius ω0 depen-
dence of the transit broadening ∆νTT , first-order Doppler broadening ∆νD1, and total broadening
∆ν for Ra at vapor cell temperature 800 K .
Figure 6 shows the specific behavior of Hg’s stability with respect to laser beam radius
and temperature, where the darkest region has the lowest stability. The collision-free scaling
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of the stability favors maximum vapor cell temperture (30). Hg is affected by collisions and
thus is optimized at a lower temperature T and smaller beam radius ω0 than the other group
II type atoms.
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FIG. 6. Experimental Parameters for Hg Stability The stability S (25) of a hot Hg E1-
M1 clock is plotted for laser-beam radius ω0 and vapor cell temperature T . S min= 1.6 × 10−15[√
Hz−1
]
is found at ω0 = 0.6 mm and T = 380 K.
The reduction of transit broadening is important to reduce S in a hot E1-M1 clock, and
insensitivity to transit broadening among atomic species scales with mass. Table IV shows
relative first-order Doppler broadening for the group II type atoms. Table VIII shows the
optimal temperature and beam size for each element to produce minimum S in a monochro-
matic scheme calculated with the experimental assumptions in Table II.
In all, we have shown hot clock stabilities that are competitive with current cold stan-
dards. They can be achieved with a single excitation laser driving a degenerate two-photon
E1-M1 transition and using commercially available systems. This clock scheme could fill the
currently empty niche of a portable optical frequency standard.
IV. BICHROMATIC E1-M1 CLOCK
LIGHT SHIFT ELIMINATION
Introducing a second excitation laser frequency in the E1-M1 clock scheme creates an
opportunity to eliminate the light shift completely. Current lattice clocks use a magic
wavelength for atom trapping to balance the dynamic light shift of the ground and clock
levels due to the lattice laser, but they remain subject to a light shift from the excitation
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TABLE VIII. The vapor cell temperature T and laser beam radius ω0 to achieve minimum S for
each group II type atom is listed. Stability S is defined in (1) and characterizes how quickly a
frequency standard can achieve a chosen absolute accuracy.
Atom T [K] ω0[mm] S [
√
Hz−1]
Hg 380 0.6 1.6 × 10−15
Ra 800 6.0 3.5 × 10−15
Yb 800 2.9 4.2 × 10−15
Sr 800 5.0 4.2 × 10−14
Ba 800 7.0 4.3 × 10−14
Ca 800 6.0 8.3 × 10−13
Mg 800 1.9 1.2 × 10−12
Be 800 4.0 9.6 × 10−6
TABLE IX. Hg parameters at the Smin.
Parameter Value
S min stability (25) 3.1×10−15
√
Hz−1
ω0 laser-beam radius 0.54 mm
T vapor cell temperature 382 K
ρ number density 1022 m−3
P3P0 excitation probability (5) 7.5×10−8
N˙tot atom interrogation rate (16) 3.8×10+19 s−1
∆ν effective linewidth - Table VI 190 kHz
ΩR2γ two-photon Rabi frequency (4) 100 Hz
t¯ interrogation time (8) 5.38 µs
C˙ collision frequency 1.5 ×105 s−1
beam [31]. Methods to mitigate the impact of the excitation light shift on an optical clock
transition have been explored directly [32] or by extension [33, 34].
Complete elimination of the light shift during excitation is possible in an E1-M1 clock
with dual frequencies. Wavelength can be selected to resonate with the transition and
laser intensity can be chosen to offset light shift differences perfectly. The dynamic dipole
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polarizabilities of neutral Hg have been determined sufficiently across optical frequencies [28]
to predict the magic wavelength pair that will fully eliminate the light shift during optical
excitation of the clock transition for a set of lasers with equal intensity. The wavelengths
and dynamic dipole polarizability differences ∆α(λ) of this magic pair solution are listed in
Table X.
TABLE X. A magic wavelength pair for neutral Hg is shown. This pair of wavelengths λ eliminate
the light shift when the electric field of each laser is equal in magnitude. The dynamic dipole
polarizability of the ground state α1S0(λ) and clock state α3P0(λ) are listed along with the dynamic
dipole polarizability difference ∆α(λ). These values were calculated in [28].
λ[nm] α1S0(λ) [a.u.] α3P0(λ) [a.u.] ∆α(λ)
376 39 10 −29
905 32 61 +29
The bichromatic scheme enjoys a smaller intermediate detuning ∆ from the 3P1 level
than the monochromatic scheme. Reduction of ∆ leads to a relative increase in the resonant
two-photon Rabi frequency (4). The specific two-photon Rabi frequency of the magic pair
solution in Table X will enjoy a factor of 4.9 increase compared with the monochromatic
solution of the hot Hg clock. Rate estimates are based on adiabatic elimination of the inter-
mediate level and this approximation may begin to degrade [11] with reduced intermediate
detuning ∆. Implementation of a bichromatic method to eliminate a light shift will elevate
first-order Doppler broadening to unacceptable levels in a hot clock and thus requires ul-
tracold atoms or atoms with a uniform velocity direction (for example in a thermal beam).
Conveniently for an ultracold scheme, either excitation beam can serve as a red-detuned op-
tical dipole trap cycling on the 265-nm 1S0
E1←→ 3P1 transition. The trap laser can combine
with its magic pair from another laser to complete a bichromatic E1-M1 excitation. The
lasers used to excite the transition introduce offsetting light shifts to completely negate the
light shift bias νLS.
V. CONCLUSION
A hot E1-M1 Hg vapor cell can achieve small S comparable to the current minimum
found in the Sr lattice clock [3]. Table XI summarizes this along with other state-of-the-
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TABLE XI. The stability S and accuracy σν of current optical frequency standards. The funda-
mental frequency ν, linewidth δν, and detected atom number N are also listed for these systems.
Brackets in this table indicate order of magnitude, where a magnitude n1 × 10n2 is reported as
n1[n2].
(bold denotes predicted values)
fn - fountain, cp - chip, ion - ion, lt - lattice,
vp - hot vapor cell
Atom ν [Hz] δν [Hz] N [#] S σν
Rbcp[35] 6.8[9] 6[−11] 6[-12]
Csfn[36] 9.1[9] 1[7] 2[-13] 5[-16]
Hgvp 5.6[14] 2[5] 2.3[21] 1.6[−15]
Al+ion[1, 37] 1.1[15] 7 1 3.7[−16] 8.6[−18]
Yblt [2] 5.2[14] 6 5[3] 3.2[−16] 1.6[−18]
Srlt [3] 4.3[14] 6− 50 2[3] 3.1[−16] 6.4[−18]
art frequency standards. We include the Rb chip [35] to allow comparison with a portable
microwave standard.
The prospects of a hot E1-M1 clock as a portable frequency standard are compelling.
The monochromatic Hg scheme enjoys a large number of addressed atoms to improve its
precision statistics. It suffers from a large absolute frequency shift due to the intensity of
the incident beam, but the accuracy of this standard can be preserved with precise laser
power metrology.
A frequency standard unbiased by the light shift due to excitation is for the first time
possible with a bichromatic E1-M1 scheme. A two-photon excitation scheme may enable
current cold systems to completely eliminate systematic frequency bias. Such an absolutely
accurate frequency standard can be used to make distributed and temporal measurements
of local gravitational redshift and variation of the fine structure constant α.
We have characterized the E1-M1 clock. We have shown how the clock-level excitation
rate for each group II type atom depends on the experimentally-controllable parameters
vapor cell temperature and laser beam radius. We have calculated that neutral Hg is the
optimal atomic system for a hot optical clock, where its main advantage is a relatively high
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number density compared to the other group II type atoms. With the conservatively selected
experimental parameters assumed in this paper, we calculate the stability for a hot Hg clock
could be as low as 1.6 × 10−15
[√
Hz−1
]
. This stability is competitive with other optical
frequency standards while offering the portability of a vapor cell.
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